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Moduli spaces of semi-stable bundles

Let C be a smooth projective curve of genus g,

UC = {s.s. bundles E of rk(E) = r, deg(E) = d on C}

Let Q be quotient scheme of quotients E, and

V ⊗OC×Q(−N)→ F → 0, where V = CP (N)

is the universal quotient on C ×Q, SL(V )-equivariant embeding

Q ↪→ G = GrassP (m)(V ⊗H0(OC(m−N)))

UC is the GIT quotient Qss → Qss//SL(V ) := UC , and

ΘQss := detRπQss(F)−k ⊗ det(Fy)
kχ
r

descends to an ample line bundle ΘUC
on UC when r|kχ.
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Generalized theta functions

when r = 1, H0(UC ,ΘUC
) is space of theta functions of order k

dimH0(UC ,ΘUC
) = kg

when r > 1, H0(UC ,ΘUC
) is the space of so called generalized

theta functions of order k, dimH0(UC ,ΘUC
) =?

dimH0(UC ,ΘUC
) =

(
k
r

)g
dimH0(SUC ,ΘUC

)

A formula was predicted by Conformal Field Theory, when r = 2,

dimH0(UC ,ΘUC
) =

(
k

2

)g (k + 2
2

)g−1 k∑
i=0

(−1)id

(sin (i+1)π
k+2 )2g−2
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Degeneration method: the case of r = 1

Degenerate C to an irreducible curve X with exactly one node
x0 ∈ X, then UC = Jd

C degenerates to UX =

{torsion free sheaves E of rk(E) = 1, deg(E) = d on X} = Jd
X

One need to show: dimH0(UC ,ΘUC
) = dimH0(UX ,ΘUX

) (⇐ by
H1(UC ,ΘUC

) = 0 and H1(UX ,ΘUX
) = 0).

Let π : X̃ → X, π−1(x0) = {x1, x2}, E/X̃ × UX̃
be a universal (line)

bundle. Let P = Grass1(Ex1 ⊕ Ex2), consider diagram

U
X̃

ρ←− P φ−→ UX

H0(UX ,ΘUX
) =

k−1⊕
i=0

H0(U
X̃
,ΘU

X̃
⊗ E−k

y ⊗ E i
x1
⊗ Ek−i

x2
)
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Factorization Theorem: Parabolic sheaves

We say: E has a parabolic structure of type ~n(x) and weights ~a(x) at
a smooth point x ∈ X, we mean a choice of flag of quotients

Ex = Qlx+1(E)x � · · · · · ·� Q1(E)x � Q0(E)x = 0

of fibre Ex with ni(x) = dim(ker{Qi(E)x � Qi−1(E)x}) and a
sequence of integers 0 ≤ a1(x) < a2(x) < · · · < alx+1(x) < k,

~n(x) := (n1(x), n2(x), · · · , nlx+1(x))

~a(x) := (a1(x), a2(x), · · · , alx+1(x))

For any F ⊂ E, let Qi(E)F
x ⊂ Qi(E)x be the image of F ,

nF
i = dim(ker{Qi(E)F

x � Qi−1(E)F
x })

parχ(F ) := χ(F ) +
1
k

∑
x∈I

lx+1∑
i=1

ai(x)nF
i (x).
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Factorization Theorem: Moduli spaces

E is called semistable (resp., stable) for ~a
k if for any nontrivial

subsheaf E′ ⊂ E such that E/E′ is torsion free, one has

parχ(E′) ≤ parχ(E)
r

· r(E′) (resp., <).

Theorem 1 (Sun, 2000)

There exists a seminormal projective variety

UX := UX(r, d, I, {~n(x),~a(x)}x∈I , k),

which is the coarse moduli space of s-equivalence classes of semistable
parabolic sheaves E of rank r and deg(E) = d with parabolic structures of
type {~n(x)}x∈I and weights {~a(x)}x∈I at points {x}x∈I . If X is smooth,
then it is normal, with only rational singularities.
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Factorization Theorem: Construction of moduli spaces

V ⊗OX×Q(−N)→ F → 0, R = ×Q
x∈I

Flag~n(x)(Fx)→ Q

Let Wm = H0(OX(m−N)), we have SL(V )-equivariant embedding

R ↪→ GrassP (m)(V ⊗Wm)×
∏
x∈I

lx∏
i=1

Grassri(x)(V ⊗Wm)

where ri(x) = rk(Q{x}×R, i). The moduli space UX is GIT quotient

ψ : Rss → UX = Rss/SL(V )

under the polarzation `+kN
m−N ×

∏
x∈I{d1(x), · · · , dlx(x)}, where

` =
1
r

(
kχ−

∑
x∈I

lx∑
i=1

di(x)ri(x)

)

and di(x) = ai+1(x)− ai(x).
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Factorization Theorem: The theta line bundles

Let V ⊗OX×R(−N)→ E → 0 be the pullback of universal quotient,

E{x}×R � Q{x}×R,lx � · · ·� Q{x}×R,2 � Q{x}×R,1 � 0

be the universal flags of quotients. Fixed a smooth point y ∈ X, when

` =
kχ−

∑
x∈I

∑lx
i=1 di(x)ri(x)
r

is an integer, for any integers {αx}x∈I , `y with `y +
∑

x∈I αx = `,

(detRπRssE)−k ⊗
⊗
x∈I

{
lx⊗

i=1

det(Ex)αx ⊗ det(Q{x}×Rss,i)
di(x)} ⊗ det(Ey)`y

descends to an ample line bundle (theta line bundle):

ΘUX
= Θ(k, r, d, I, {~a(x), ~n(x), αx}x∈I , `y)
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Factorization Theorem: When X is irreducible

Theorem 2 (Sun, 2000)

H0(UX ,ΘUX
) ∼=

⊕
µ

H0(Uµ

X̃
,ΘUµ

X̃
)

where µ = (µ1, · · · , µr) runs through 0 ≤ µr ≤ · · · ≤ µ1 ≤ k − 1.

where π : X̃ → X is the normalization, π−1(x0) = {x1, x2},

UX := UX(k, r, d, {~n(x),~a(x)}x∈I),
ΘUX

:= Θ(k, r, d, {~a(x), ~n(x), αx}x∈I , `y)

For µ = (µ1, · · · , µr) with 0 ≤ µr ≤ · · · ≤ µ1 < k, let

Uµ

X̃
:= U

X̃
(k, r, d, {~n(x),~a(x)}x∈I∪{x1, x2}),

ΘUµ

X̃
:= Θ(k, r, d, {~a(x), ~n(x), αx}x∈I∪{x1, x2}, `y)
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Remarks of Factorization Theorem

For µ = (µ1, · · · , µr) with 0 ≤ µr ≤ · · · ≤ µ1 < k, let

{di = µri − µri+1}1≤i≤l

be the subset of nonzero integers in {µi − µi+1}i=1,··· ,r−1.

Define ri(x1) = ri, di(x1) = di, lx1 = l, αx1 = µr and

ri(x2) = r − rl−i+1, di(x2) = dl−i+1, lx2 = l, αx2 = k − µ1

~a(xj) =

µr, µr + d1(xj), · · · , µr +

lxj−1∑
i=1

di(xj), µr +

lxj∑
i=1

di(xj)


~n(xj) = (r1(xj), r2(xj)− r1(xj), · · · , rlxj

(xj)− rlxj−1(xj)).

When r = 2, it is due to Narasimhan-Ramadas.
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Factorization Theorem: When X = X1 ∪X2 reducible

Theorem 3 (Sun, 2003)

H0(UX1∪X2 ,ΘUX1∪X2
) ∼=

⊕
µ

H0(Uµ
X1
,ΘUµ

X1
)⊗H0(Uµ

X2
,ΘUµ

X2
)

where µ = (µ1, · · · , µr) runs through 0 ≤ µr ≤ · · · ≤ µ1 < k.

where π : X1 tX2 → X1 ∪X2, I = I1 ∪ I2, and ` = `1 + `2,

UX1∪X2 := UX(r, d, I1 ∪ I2, {~n(x),~a(x)}x∈I ,O(1), k)

choose O(1) = OX(c1y1 + c2y2) such that `i = ci`
c1+c2

are integers.

ΘUX1∪X2
= Θ(k, r, d, I1 ∪ I2, {~a(x), ~n(x), αx}x∈I1∪I2 , `y1 , `y2),

`yi +
∑
x∈Ii

αx = `i (i = 1, 2).
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Factorization Theorem: Notation

For µ = (µ1, · · · , µr) with 0 ≤ µr ≤ · · · ≤ µ1 < k, we define

dµ
1 =

1
k

∑
x∈I1

lx∑
i=1

di(x)ri(x) + r`1

+ r(g1 − 1) +
1
k

r∑
i=1

µi

dµ
2 =

1
k

∑
x∈I2

lx∑
i=1

di(x)ri(x) + r`2

+ r(g2 − 1) + r − 1
k

r∑
i=1

µi

For j = 1, 2, we define

Uµ
Xj

:= UXj (r, d
µ
j , Ij ∪ {xj}, {~n(x),~a(x)}x∈Ij∪{xj}, k),

ΘUµ
Xj

= Θ(k, r, dµ
j , Ij ∪ {xj}, {~n(x),~a(x), αx}x∈Ij∪{xj}, `yj )
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Vanishing Theorem: The case of smooth curves

For any data ω = (k, r, d, {~n(x),~a(x)}x∈I) such that

` :=
k(d+ r(1− g))−

∑
x∈I

∑lx
i=1 di(x)ri(x)

r

is an integer, we have the moduli space UX, ω = UX(ω) and

ΘUX, ω
= Θ(k, r, d, {~n(x),~a(x), αx}x∈I , `y)

where ` = `y +
∑

x αx.

Theorem 4 (Sun, 2000)

Let X be a smooth projective curve of genus g. Then

H1(UX, ω,ΘUX, ω
) = 0

if (r − 1)(g − 1) + |I|
k+2r ≥ 2.
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Vanishing Theorem: The case of singular curves

Theorem 5 (Sun, 2000)

Let X be an irreducible projective curve of genus g with one node and
(r − 1)(g − 2) + |I|

k+2r ≥ 2. Then

H1(UX ,ΘUX , ω) = 0.

Theorem 6 (Sun, 2013)

Let X = X1 ∪X2 be an reducible projective curve of genus g with one
node and (r − 1)g + |I|

k+2r ≥ 2. Then

H1(UX ,ΘUX , ω) = 0.
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Proof of Vanishing Theorems: When X is smooth

Theorem 7 (Sun, 2000)

For any ω = (k, r, d, {~n(x), {di(x)}1≤i≤lx}x∈I), we have

(1) codim(Rss
ω \ Rs

ω) ≥ (r − 1)(g − 1) + |I|
k ,

(2) codim(R \Rss
ω ) > (r − 1)(g − 1) + |I|

k .

Theorem 8 (Sun, 2000)

Let ωX = OX(
∑
q), ωR be the canonical sheaf of X, R. Then

ω−1
R =(detRπRF)−2r⊗⊗

x∈I

{
(detFx)nlx+1−r ⊗

lx⊗
i=1

(detQx,i)ni(x)+ni+1(x)

}
⊗
⊗

q

(detFq)1−r ⊗ (detRπRdetF)2.
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Proof of Vanishing Theorems: When X is smooth

For any ω = (k, r, d, {~n(x), {di(x)}1≤i≤lx}x∈I), we have

H1(UX, ω,ΘUX, ω
) = H1(Rss

ω , Θ̂R)inv = H1(R, Θ̂R)inv

= H1(R, Θ̂ω̄ ⊗Det∗(Θy)−2 ⊗ ωR)inv

= H1(UX, ω̄,Θω̄ ⊗Det∗(Θy)−2 ⊗ ωUX, ω̄
) = 0

where Θ̂R ⊗ ω−1
R = Θ̂ω̄ ⊗Det∗(Θy)−2, Θ̂ω̄ is determined by

ω̄ = (k̄, r, d, {~n(x), {d̄i(x)}1≤i≤lx}x∈I), k̄ = k + 2r, · · ·

Det : R→ Jd
X induces Det : UX → Jd

X , one can prove that

Θω̄ ⊗Det∗(Θy)−2

is ample
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Remarks about the proof: When X is smooth

Theorem 9 (Sun, 2013)

For any data ω = (k, r, d, {~n(x), {di(x)}1≤i≤lx}x∈I), the dimension of

H0(UX, ω,ΘUX, ω
)

is independent of the choices of curve X and the points x ∈ X.

For any data ω = (k, r, d, {~n(x), {di(x)}1≤i≤lx}x∈I), we choose

ω(J) = (k, r, d, {~n(x), {di(x)}1≤i≤lx}x∈I∪J)

such that (r − 1)(g − 1) + |I∪J |
k+2r ≥ 2.

The projection pI : R̃ = ×Q
x∈I∪J

Flag~n(x)(Fx)→ R = ×Q
x∈I

Flag~n(x)(Fx)

is SL(V )-invariant.
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Remarks about the proof: When X is smooth

H0(UX, ω,ΘUX, ω
) = H0(Rss

ω , Θ̂R)inv = H0(R, Θ̂R)inv =
H0(R̃, p∗I(Θ̂R))inv

p∗I(Θ̂R) = Θ̂ω̄ ⊗Det∗(Θy)−2 ⊗ ωR̃, where

p∗I(Θ̂R)⊗ ω−1

R̃
= Θ̂ω̄ ⊗Det∗(Θy)−2,

Θ̂ω̄ is determined by

ω̄ = (k̄, r, d, {~n(x), {d̄i(x)}1≤i≤lx}x∈I∪J), k̄ = k + 2r, · · ·

H0(Rss
ω , Θ̂R)inv = H0(R̃, Θ̂ω̄ ⊗Det∗(Θy)−2 ⊗ ωR̃)inv

ψ : R̃ss
ω̄ → UX, ω̄

(Knnop): (ψ∗ωR̃)inv = ωUX, ω̄
if codim(R̃ss

ω̄ \ R̃s
ω̄) ≥ 2.

H0(UX, ω,ΘUX, ω
) = H0(UX, ω̄,Θω̄ ⊗Det∗(Θy)−2 ⊗ ωUX, ω̄

)
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Sketch of Proof: Normalization φ : P → UX of UX

Let π : X̃ → X, π−1(x0) = {x1, x2}, Ṽ ⊗OX̃×R̃(−N)→ F̃ → 0

ρ : R̃′ = Grassr(F̃x1 ⊕ F̃x2)→ R̃

P = { semi-stable GPS (E,Q) = (E,Ex1 ⊕ Ex2 → Q→ 0) }, which
is called moduli space of GPS (generalized parabolic sheaf), and

R̃′ss → P := R̃′ss//SL(Ṽ )

φ : P → UX is defined by φ(E,Q) = F , where F is given by

0→ F → π∗E →x0 Q→ 0

φ∗ΘUX
= ΘP = ρ∗(ΘU

X̃
)⊗ ηk

x2
, where ηx2 = det(Q)⊗ det(Ex2)

−1
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Sketch of Proof: Filtration and Singularities

P ⊃ Di := Di(r − 1) ⊃ · · · ⊃ Di(a) ⊃ Di(a− 1) ⊃ · · · ⊃ Di(0),

Di(a) = { (E,Q) | rank(Exi → Q) ≤ a }, (i = 1, 2)

UX ⊃ Wr−1 ⊃ · · · ⊃ Wa ⊃ Wa−1 ⊃ · · · ⊃ W0, where

Wa := { [F ] ∈ UX |F ⊗ Ôx0 = Ô⊕t
x0
⊕ m̂⊕(r−t)

x0
, t ≤ a }

Theorem 10 (Sun, 2000)

UX and Wa (0 ≤ a < r) have only seminormal singularities.

P and Di(a) (0 ≤ a < r) are normal with only rational singularities.

φ|D1(a) : D1(a)→Wa is the normalization of Wa, and

φ : D1(a) \ {D1(a) ∩ D2 ∪ D1(a− 1)} ∼=Wa \Wa−1
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Sketch of Proof: Factorization

For any i > 0, φ∗ : Hi(UX ,ΘUX
) ∼= Hi(P,ΘP).

H0(UX ,ΘUX
) ∼= H0(P,ΘP(−D1)) = H0(U

X̃
,ΘU

X̃
⊗ ρ∗ηk−1

x2
).

∀ [E] ∈ U
X̃

, ρ−1([E]) = Grassr(Ex1 ⊕ Ex2) := Gr,

ηx2 = det(Q)⊗ det(Ex2)
−1

H0(Gr, ηk−1
x2

) =
⊕

µ

Sµ(Ex1)⊗ Sµ(E∗
x2

)

where µ = (µ1, · · · , µr) runs through 0 ≤ µr ≤ · · · ≤ µ1 < k.

Sµ(Ex1)⊗ Sµ(E∗
x2

) = H0(Zµ
1 ×Z

µ
2 , p

∗
1L

µ
1 ⊗ p∗2L

µ
2 ), where

Zµ
i := Flag~n(xi)(Exi), (i = 1, 2)
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Proof of Vanishing Theorems: When X has one node

For any ω = (k, r, d, {~n(x), {di(x)}1≤i≤lx}x∈I), we have

H1(UX ,ΘUX , ω) ∼= H1(Pω,ΘP, ω).

We have also Det : P → Jd
X̃

, and

H1(Pω,ΘP, ω) = H1(Pω̄,ΘP, ω̄ ⊗Det∗(Θ−1
J )⊗ ωPω̄)

When X is irreducible, ΘP, ω̄ ⊗Det∗(Θ−1
J ) may not be ample, then

it was reduced to the case of fixed determinant (where Det∗(Θ−1
J )

disappear).

When X = X1 ∪X2, ΘP, ω̄ ⊗Det∗(Θ−1
J ) is indeed ample.
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Frobenius splitting and Frobenius splitting type of varieties

A variety M defined over a prefect field k of char(k) = p > 0 is
called Frobenius splitting if

0→ OM → F∗OM → B1
M → 0

is splitting, where F : M →M is the Frobenius morphism of M .

A variety M defined over a field of characteristic zero is called of
Frobenius splitting type if its modulo p reduction is Frobenius
splitting for almost p.

Let f : M ′ →M be a morphism such that f∗(OM ′) = OM and M ′ be
Frobenius splitting (resp. of Frobenius splitting type). Then so is M .

A normal proper Fano variety with only rational singularities is of
Frobenius splitting type (Smith).
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Frobenius splitting type of moduli spaces

Theorem 11 (Sun-Zhou, 2014)

Let X be a smooth projective curve. Then, for any data ω, the moduli
spaces UL

X,ω and PL
X,ω of parabolic and generalized parabolic sheaves with

fixed determinant L are of Frobenius splitting type.

Recall pI : R̃L → RL, there are data ω̃ such that

UL
X,ω̃ = R̃ss

L,ω̃//SL(V )

is a normal, proper Fano variety with only rational singularities.

Let Ũ = p−1
I (Rss

L,ω) ∩ R̃s
L,ω̃, then codim(R̃ss

L,ω̃ \ Ũ) ≥ 2.

Let U ⊂ UL
X,ω̃ be the image of Ũ , then pI induces a morphism

f : U → UL
X,ω

such that f∗(OU ) = OUL
X,ω

.
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Vanishing theorems

Corollary 1

Let X be a projective curve with at most one node and UX,ω be the
moduli space of parabolic sheaves on X with any given data ω. Then

H i(UX,ω,ΘUX, ω
) = 0, ∀ i > 0
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